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Preface gnd Abstract

The main important difference between tlie dvnamic: of the
atmosphere and of the oceans is concerned with the driving forces.
The atmospheric circulation may essentially be compared with a
thermodynamic engine driven by the {emperature differences between
low and high latitudes on the rotating sarth, and this circulation
is to sume degree modified by the land ané water distribution and
by visanographical conditions at the sea surface,

In the oceans, the temperature (and salinity) differences be-
tween the equztor and the poles play only a minor role as long as
they are considered as a cause of the significant water movements
in the upner layers of the sea. The ocean currents are generated
and maintained chiefly by the driving forces of the wind. The
ing the"haiinodynamic®) is relatively
insignificant in ths oceans, at least in the upper layers, where

currents with measurable velocities occur. Weak thermo-haline cir-

]

>ulations, nowever, will dominate in the deeper strata of the
oceans beneath a layer which will be called the "layer of no motion"

for the wind induced ocean circulation in this and the following

reports.

This report deals only with the wind driven ocean circulation.

my.

The temperature and salinity structure 1is considered only as far
as the density stratification is involved in the final d evelopment

of the wind driven current systems. Thisg 4

"
b

stratification

1s--beyond tha minor influenco of "denslty currents"--very important,

ii
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since in a stratified ocean a "zero layer" (layer of no moiion)
for the wind driven circulaticn must develop, which may be con-
sidered as the lower bdoundary of the circulation, where the velo-
city of the wind driven currents vanishes. Therefore, the "zero
layer" can also be replaced by a rigid but frictionless boundary,
and the necessary resistance in ordsr tc balance the driving
forces 1s brought sbout only by the virtwal internal friction.

The wind driven circulation in an ocean with a variable
dapth, D. of the currents is analyzed, and it is found that the
relative change <f the depth D with latituds equals the relative
change of the Corlolis parameter in the large scale planetary
circulation. This suggests that the ocsean reacts to the planetary
vorticity effect in such a way that it rather tends to adjust its
lavel of no motion for the wind driven circulation than to dis-
the west. Since the depth of the iayer of no motion for the wind
driven circulation is also strongly related to the .ertical den-

sity stratification, the mechanism of mutual adjustments hctween

the current systems and the mass distribution, as it is finally
observed in the oceans, appears rather complicated.

For a quantltative study of the wind driven ocean circulation
knowledge of the wind stiress at the sea surface, and of the virtual
Internal iriction 1s necessary. bBoth of these important Torces
have been discussed in dotall in this report. With regard to the
internal friction a simple expression corresponding to Guldberg-

Mohn's expression was used, and coefficients of virtual internal

friction were determined. It seems that a more general %reatment

111




of the internal frictlon will not essentially change the results.
The opinions of different authors are most controversial in

discussion of the wind stress at the sea surface, especially at

wind velocitiec less than 10 m/sec. It is this critical range cf

wind speads which comes into consideration when dealing with climsa-

tological wind data, over most parts of the sea surface. At present,

more and more evidence has been accumulated which shows that the

hithertc assumed by most of the worksrs on this subject. There-
fore, the stress rormula as suggested by the author in 1940 was
used to calculate the wind stress for givsn wind velocitiss.
Some speclal cases of ¢
layer of frictional influence 2re analyzed, such as the meridional
flow along the east coast of the United States, and the zonal flow
of the Antarctic Circum Polar Current. The outline of future
work briefly discusses the ideas wnich may lead to a better aprrozch
of wind driven circulation in a real ocean, taking the true average
wind fleld and the boundaries into account. This approach is based
on a numerical integration of the diffcrcantial equation for the

horizontal mass transport in an ocean where the wind induced cur-

rent systems have a variable depth.

iv
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HOTES ON THE WIND-DRIVEN OCEAN CIRCULATION

I. Introductien

Ocean currents with the greatest velocity are observed in

the upper layer of the sea with depths varying between two hundred
and twe thousand meters. This circulation is generated and main-

tained mainly by the driving force of the wind. The question is,

2N ool
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of ths hydrodynamical theories as they have been developed up to
tne preseni time?

two parts. Part one 1s con-

o
eneral features of the oceanis circu-

lation, and part two with the details wiiich recently have been re-

vealed in some individual branches of the general circulation by means

of refined techniques for oceanographical observations.

There is nc doubt that not only the details but alse the gross
features of the oceanic circulation are the result of a complicated
mechanism in which different forces or factors are involved. It is
possible that the mechanlism which governs some outstanding "gross"
features, such as the "intensificatioa" of the Gulf Stream along
the east coast of North America and the "intensification" of the
Kuro Shio along the coast of eastern Asia, 1s essentially the same
as the mechanism which may account for scme "details" as observed
in the western North Atlantic and in other individual branches of
the general current systems of the oceans. Such details are, for
example, the sseries of overlapping currents "arranged somewhat
like the shingles on a roof" (Iselin, 1952), and certain "counter

currents.” It seems to be the tendency of ocean currents in strati-

1
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fied water to split up into narrow streams of higher velocity
rather than to form a broader and weaker band of flow. This
"gtreakiness" cf ocean currents is not only present within the
swift Gulf Stream and Kuro Shio, but also in other branches of

the circulation along the sastern and western boundaries of the
oceans as wWe¢ll as in mid-ocean regions, although the individual
"streaks" are much weaker. At present, no satisfactory explanation

for such details in the fiow pattern of ocean currents has been

general circulations in the Atlantic and Pacific Ocean
are asymmetrical with respect to the equator, and this asymmetry
s related to the asymmetry of the general atmospheric circulation.
As a consequence of this a special equatorial current system 1s
observed, which from the dynamical point of view needs some further
consideration. Common to the oceans, including the Indian Ocean,
act that the sgustorisl currsnts are relatively strong
comparad with the currents of the subpolar gyre. This fact, as
well as the east-west asymmetries in the North Atlantic, in the
North Pacific and partly in the Indlan Ocean cannot be explained
in a simple way by the wind field itself. For example, the fGulf
Stream and Brazili Current are almost equivalent branches of the
subtropical gyre on the Northern and Southern Hemisphere, yet the
Gulf Stream transports about ten times as much as the Brazil Cur-
rent, ana &the grbss features of Li® equivaient circulation systems
on hoth hemlspherss show striking differecnces.

The iresent report 1s concerned with some notes on the general

or "gross" featuras of the wind driven circulation. Although no
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final answer to the general problem of the horizontal and verti-
cal current stratification can be given, it 1is hoped that these
notes may serve to stimulate further 1lnterest in the subjlect
along lines which will result in a resumption of the problem in

the way it was initiated by Walfried Ekman.

II. Historical review

Approximately 50 years have passed since Walfried Ekman
placed our conception of the wind driven ocean currents on a com-
pletely new basis. In his well known theory he showed how the
effect of the wind goes far beyond the generation of pure drift
carrents, and how the gradient currents in the deeper laysrs are
maintained by the indirect action of the wind. His studles were
directed toward the calculation of the total current system for

n wind system over the oceans. He tried to solve the
problem for the vertical and the horizontgl velaocity distribution.
The difficulties which rendered Ekman's general analysis very 4dif-
ficult have not yet been overcoms. Ekman, however, succeeded in
solving essential partial problems, and most of his results of
the first paper on ihe subject (1905) have survived half a cen=
tury; they still belong to our basic knowledge in dynamical oceano-
graphy.

Ekman was the first to introduce eddy viscosity (virtual
tricticn) into the theory of ocean currents. In a paper from 1923
he deduced some lmportant laws which, 1n the case of steady motion,
the currents and particularly their curl must obey. The acceler-
ation of the water, originally regarded as effectively eliminated

from the equations, was later found to be importaat as far as the
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"deep-~current" 1s concerned. In his revised theory of 1932, the
dynamical theory of the wind driven ocean circulation and its
problems were developed by Ekman to such a degree of completeness,
that relatively few additions have been m2de since that time. Prob-
ably, the only peint where Ekmar's model of steady state ocean
currents has been revised essentially, and where in the future

essential revisions have to bhe exnectad. is concerned with the

ne eifect of internal friction and vertical density
stratification,

A new epoch of theoretical research in the field of wind
induced ocean currents started with ths werk by I.U. Sverdrup
(1947), K. Stommel (1948), K. Hidaka (1949) and W. Munk (1950).
These authors essentially gave up trying to evaluate the vertical
veloclty distribution and ccnfined the analysis to the horizontal
mass transport by introducing the vertically integrated mass trans-
port as the dependent variable. This was necessary in order to
avoid certain difficulties which rendered Ekman's analysis too
complicated. It was possible tc examins the more general case of
a baroclinic ocean without having to specify the nature of the
vertical distridbutions of density and currents, although even in
this case, some simplifying assumptions had to be made. The prob-
lem was to derive the gross features of the horizontal mass trans-
port of the oceanic circulation for a given wind system. These
stimulating theories can be considered as a remarksble step 1n
dynamic oceanography, and the results obtained by the various models

are of great interest.,

H, Stommel succeeded in 1948 in showing that due to the effect

4
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of the wvarying Coriolis force with latitude the gyre of the
general circulation around the Sargasso Sea must be strongly
displaced toward the west in ths case of a gonstant depth of

the wind driven circulation. The results are very stroig cur-
rents along the east coasts of the continents. This "westward
intensification" of ocean currents is obvious in the Gulf Stream
and the Kuro Shio, and 1t seems that a satisfactory explanation

of this striking gross feature of the oceanic circulation has been

given. However, remarkable exceptions are found in the Scuth At-

lantic and South Pecific, and Stommel's model needs further con-

—— e b} saa pH444

slderation.

Using interesting mathemntleal methods, Munk and collaborators,
Hidaka and others extended the theoretical research to more natural
wind distributions and more realistic ocean boundaries.

Munk's investigation (1950) has served to emphasize the fun-
damental importance of the wind stress curl rather than of the wind
stress vector in determining the transport of ocean currents in
meridionally bounded oceans. In the case of an irrotational wind
field, such as & uniferm west wind over an ocean of constant depth

bounded on 1ts western and eastern sides; it follows that there is

no net mass t ransport, and that the stress is balanced by the pres-
sure distribution resulting from the plling up of water against the
lee shore. This result becomes understandable only when keeping
the two~dimensional model and 1ts thecretical basis in mind. The
theoretical basis of the model is essentially a differential squa-
tion representing a vertically integrated version of the vorticity
equation Iin the case of an ocean of constant depth. It expresses

a balance between the lateral stress torque, the planetary vorticity,
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and the wind curl, It is evident that the vertical velocity com-
ponent must be taken into account in ordsr to explain the steady
state circulation in a bounded ocean. Otherwise, the result that
the permanent ocean currents are only related to the rotational
component of the wind stress field gvser the ocean wpuld indicate
that the currents must vanish were the wind stress field irro-
tational.

Most of the important assumptions of the previous models are
concerned with the lower boundary of the wind-induced circulation
system, or the "depth" of the currents, and with the concept of
latcral and vertical eddy viscosity, especially with tha concept
of isotropic lateral mass exchange.

With the attempt to zxplain some of the observed detail flow
patterns in the Gulf Stream north-northwest of the Azores, in the
Califcrnia current and the Norwegian current by taking non-iso-
tropic lateral mess exchange into account, the author's attention
was called to some probable relationships between the vertical
density h of the current, the variation of lati-
tude while the current flows in meridional direction, and the "agzs"
of the current, that is, the time when a wind of a certain velocity
starts to blow over an ocean originally at rest.

The varylng depth of the wind generated oceanic circulation

is the first fact with which we are concerned, and which has been
neglected in the previouns models ewven in the case of a steady
oceanic circulation. This depth depends on the density strati-
fication of the ocean, the “age” of the current, and possibly on

internal friction {(laterai and vertical). At Lhis point some

135
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ficullies arose, so that we are faclng the problems of the gross
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features of the steady oceanic circulation again.

In the present report it will be shown that the depiii of the
wind induced oceanic circulation plays a significant role in the
hydrodynamic analysis of the prcblem. A more realistic model of
the wind driven circulation of the North Atiantlec Ccean will be
treated by numerical integration of the basic differential equa-

tions in a sutsequent report.

1II. The differential equation of horizontal mass transport

Rectangular coordinates may be assumed for a first simplified
model. Let the y-axis point northward, the x-axls eastward, and
the z-axis vertically upwards from the undisturbed sea surface which
coincides with a level surface. The boundaries of the ccean model
may be considered as vertical walls, which at first approximation
would account for the continental slope. Besides these lgteral

boundaries the lower boundary of the current system has to be fixed.

It is known that in equatorial regions the layer of no motion
("zero layer") for the wind driven circulation is found in about
200=300 m of depth, and it increases with increasing latitude to
approximately 1500 m in 45°-50°N. (The depth ot this "zero layer"

should not be cconfused with the depth of the layver of frictiocnzl
influence.) There 1s much evidence for this fact, and it has been
assumed by most oceanographers that there is a continuous change

of this "level of no motion" between iow and high latitudes. Much

o aa

support of this point of view has heen given by
in his extensive analysis of the Atlantic circulation, where inter-
esting details of the layer ¢i' no motion have been revealed.

The "zero layer' of the oceanic circulation in the wind affected

surface and subsurface layers may be considered as the icwer_boundary

o}
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of the current system. It may be replaced by a rigid surface
where the velocity vanishes (no fricticn at this buundary). There-
fore, the "zero layer" has to be considered as the depth D of our
model of wind driven ocean currents; and D is a function of x and y.
Let f = 2w sing be the Coriolis parameter, p the pressure,
u and v the horizontal comporents of the current velocity vector ¢
in the x and y direction, respectively, v [en™t gr sec-ll the co-
efficiant of eddy viscosity in th~ lateral, and p the coefficient
of eddy viscosity in the vertical direction, V?“ the Laplace oper-
ator in the x-y plane and
tions of steady horizontal motion are

2 h
Q ey OE
Pf»’ + LL u2 + vVu - =0 1

. , \ (1)
-pfuq-p.u +yVv - = 0,
d2° 5§ J

Llle nydrostatic equation

op _

35 = - 8p (2)
and the equation of continuity

u , dv dw

The system of hydrodynamic equations (1) to (3) together with
adequate boundary conditions provides the basis for a very general
solution, that is, to {ind the horizontal and the vertical distri-~
bution of u and v. Although this solution is of great interest,
the mathematical analysis is too complicated. Therefore the
question of the horizontal mass transport may be considered only.

If the vertlecally integrated mass transport M, with the components

U, V 1s introduced as the dependent variable,
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U= }( pu dz , \ =‘//. ov dz .

=D =D
ied out frem a depth where the total

Since the integration is carr
to the surface, (z = OF 1t follows

motion is zerc (u=v =w=0),

from (3) that

~D D
and that
‘U 3
div M = + ¥ =0, (4)
x 9y
Equation {(4) states that the horizontal divergence of the

total mass transport equals zero, in contrast to the divergence

of the mass transport in individual lsvels. For example in the

layer of frictional influsnce (wind drift current), the divergence

may be zero in exceptional cases only.

The speclal form of the equation of continuity for the verti-
caliy integrated mass transport (4) permits the introduction of a
"stream function", \J , for the mass transport, and
9 Yy

(5)
- IV /Adx

< d
]

n of eguaticns

-D) and the surface (z = 0) gives
. Y g2V, .95 .
£ ;L/ 3 dz - 2 (V 33:—)+3§D-01

aw A2 oD - .
T D=0

s where C the elevation or depression of the sea

surface of the undisturbed sea

is a very small quantity it can be
!

# Actually z = C
surface with reference to,the level
surface. However, since {

neglected against D,




where dp/dx and %p/9y represent average values of the horizontal
pressure gradients in the whole layer between z = -D and z = O.
The two integrals in equations (6) are equal to the differences
of the compcnents of the tangential stress at the surface and at
the depth -D, The tangential stress at the surface can be evalu-
ated from the wind at "anemometer hcight" by means of an empirical
formula (Neumann, 1948). This juestion, however, needs some further
consideration and will be discussed in more detaill in section IX
of this report. The tangential stress in the depth z = =L aquals
Besides the wind stress at the surface, horizontal and vertical
shearing stresses in the wate> have to be taken intc account. The
dynamical effect of these internal stresses is evident in the vir-
tual internal friction. Since it is difficult to introduce internal
friction in a most general form, and in order to simplify the dif-
ferential squations for the mathematical analysis, it seems justi-
fiable for the purpose of the present report to assume that the
frictional forces are proportional to the total mass transport M.

The combined effect of the virtual friction in horizontal and verti-

]

g considered as ar
For the whole water column between z = -D and 2z = O the coxponents
of the effective internal frictional forces are assumed to be

gt ]

'
y +rg'¥-’—,

where r[sec"ll represents an effective "friction"-coefficient. A

2.
i

o
i

plausible average valus of this cosfficient has to be determined

10
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With these assumptions equations (o) can be written
[ ] -
9 - ].
f§¥--rx+r%y-’y +5§D--o o
2 %50
- T = 3iL + =
%5 RS - 3-1;;1) 0

T, and T& are the components of the wind stress at the sea sur-

face in the direction of the x-axis and y-axis, respectively.

Cross differentiation of (B8), and subtraction leads to

2, 22: 4 - A
(Q_I' Q_JL + %§ %éi + gﬁ'gg - 6'
According to vquations (8
£ -
N/ T B
ﬁ%%%%-ﬁ%%%i—+—%%‘;f-—%%%-s(%$%f—+32s¥> 10

By substituting this into equation (9). it follows

F(E SRR BR- R
9T T

‘54‘3—

With this differential equation and adequate boundary conditions

the horizontal mass transport is unigusly determined in the ocean

|
)

aT 9T,
- P
= 6f; - 3% (9)

sie
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D
x

°1%
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%
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under consideration. conditions for the North Atlantic

Oraan w111 ha enaci
S onpul TN naena st

In the special case where the depth D is assumed tc be constant,
it follows from (11)

rVey + %;' g-xL = -curl, T , for D = const.

This equation is identical with Munk's differential equation for

the horizontal mass transport (1950;

equ. 6), if the sign of ¥ is
changed (Munk defined V = V' gz, U

AR

T - d“’/dy‘) and the term r V2 ¥
11




is replaced by AHV4!,{/ in Munk's notation.

Before an evaluation of equation {1l) several important factors
involved in the model have to be discussed and to be fixed. This
is concerned with D as a function of x and y, with the wind stress
at the sea surface and with the effective friction coefficlent,

ry in the water as defined before.

IV. The "zero-layeri in the aAtlantic Ocean

A successful attempt to determine the depth of the zero layer
(layer of no motion) in the Atlantic Ocean was made by A. Defant
(1941). When comparing the differences in the dynamic depth of
given pressure surfaces between adjacent oceanographic stations,
it was found that in certain levels this difference was almost
constant over a rather large depth interval. This would mean that
either the whole body of water throughout this depth interval
(sometimes with a thickness of 500~800 meters) has a constant velo-
=1ty in the vertical direction, or that this layer 1s absolutely
at rest.

Defant's analysis of the North and South Atlantic Ocean has
shown that it igc mmch more plauslble to assume that this layer is
absolutely at rest, than tnat it 1s in relative motion to sorze
average depth of this layer to be the "level of no motion" for his
dynamical computations. This hypothetlcal level of no moticn was
traced throughout the whole North and South Atlantic, and it was
found that it composes without any consitraint to a closed layer
of varying thickness. This fact and others as pointed out by

Defant may serve to strengthen cur confidence in Defant's analysis

12
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of the circulstion of the Atlantic. Any octher assumption of the
level of no motion would lead to unreasonable and contradictory
results about the vertical structure of the Atlantic circulation.
The same hypothesis was applied to a dynamical analysis of the
Black 8ea circulation by the author (1942,1943). 1In this case

the results could be checked against other techniques in deter-
mining the level of no motion, and the computed dynamical structure

of the Black Sca was in good agreement with the obhserved conditions.

[¢(]
[oF )

Defant's results for the Atlantic Ccean are shown in figure 1.
The depth of the “zero layer" (D) increases with increasing lati-
tude, both, on the Northern and on the Southern Hemisphere. In the
North Atlantic, the depth of the zero layer 1is more Iirregular than
in the South Atlantic, which has its analogy in the more compli-
cated current pattern of the North Atlantic.

Based on the chart shown 1in figure 1, zonal averages of the
depth of no motion (D) were computed for the Nortn Atlantie, and
plotted against the latitude in figure 2. For the South Atlantic,
individual vslues were used as given along the meridian of 20°W,
since the variation of D in the east=-west direction 1s small com-
pared with the variation of D in the meridional direction. The
values of U, according to A. Defant's chart, are indicated in figure
2 by circles, whereas the curve represents the function D = -~K sing.
The constant K is different on the Northern and Southern Hemisphere,
but the variation ¢f D with latitude follows this law closely. It
is seen that the zonal avwsrages of the depth of the layer of no
motion in the North Atlantic, and the corresponding depths along

20°W in the South Atliantic,; can be represented very clcseiy by

- - D

D(¢) = -K sing, (12)




JTIWW”W?#H”W.W'

Fige .. Depth of the "Zero Layer" in the Atlantic Ocean,
according to A. Defant (19L1). The figures at the
lines are to be multiplied by 1040, ihus denoting
the depth in meters,
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Figure 2, Average depth, D, of the layer of no motion in the Atlantic Ocean,
The curves represent D (¢) = const, sin¢ , and the
values according to A, Defant (19L41) are indicated by circles (0).

or, the relative variation of D 1s given by

; gg = % ctn o ,

v 9y

where R is the radius of the earth. Since

% %§ = % ctn ¢ ,

there is much evidence that in the ™gross" features of the oceanic

circulation
af _ £ JD PR
Fy' = 5 a? , AL/
and the important term
(3L - £ 32) ¢
Aoy v 9oy X

in equation (11) drops out in the "gross" features of a model where
only zonal conditions are considersd.

In the model by Stommel (1948), Hidaka (1949) snd Munk (1950)

15




D was assumed to be constant. Thererore, the term responsible
for the "westward intcnsification”, g% s%L y which contains the
variation of the Coriolis parameter with latitude (planetary vor-
ticlty) was not cancelled out by the variation of the depth D with
latitude (topographic vorticity, according to Ekman's terminology).
it seems unlikely that the east-west asymmetry of the gross
features of the oceanic circulation 1is caused by the variation of
the Corivlis parameter with latitude, but since there is an inten-
sification of ocean currents along the east ccasts of North America
and Eastern Asie; this particular flow patiern requires another
explanation. This may also answer the question why an analogous
intensification of the subtrepical gyre (Munk, 1950) is not found

in the Southern Hemisphere.

It seems more likely that the ocean reacts to the planetary

vorticity effect in such a wav that it rather tends to adjust its

level of no motion for the wind driven circulation than tc displace

the whole gyre with relatively high current velocities to the west.

Whether or not thls adjustment is complete is a question which still
has to be answered,

It may be added that the relationship as stated in equation (13)
does not say anything about "cause and effect". The zero layer may
be the result of the current system, and probably it is to some
degree in the gross features and even in the details, However,
several other external and intarnal feorces and factors, besides those
taken into account, are involved in the mutual relationships between
the oceanlc circulation and the stratification. Some of these
factors are the large scale heat gain and loss through the sea sur-

face and evaporation, precipitation, and lateral and vertical mixing

16
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nrocesses. The first mentioned climatiec factors and mixing processes
are especially responsible for some large scale density strati-
fications. #¥ith ‘ilarge scale density stratification" in thils sense
is meant, for example, the very weak vertical density gradlent in
polar regions and the strong, significant vertical density gradient
in tropical reglons, both taken as an average between the surface
and the bottom water. The vertical density stratification is an
important factor in the oceanic circulation, which, at least more
indirectly, may determine the wind driven circulation., This will

be shown by a simple model in the next two sectlions.

P

V. A simple model of a siratified ocean

Disregard at first the differences in the salinity distribution
and assume the temperature distribution as the main factor of the
density stratification. The vertical temperature distribution as
observed in the deeper layers of the oceans is to a certain degree

e mas
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he resul vh& Ocsamac circulavion or
"spreading" of water masses (G. Wust, 1935). This is only partly
true, as shown by H.U. Sverdrup (1939). Stationary conditions which
appear on the average "gross" features to be rather similar to the
observed conditions in the ocean may exist even in the case where
the components u, v, w, of the oceanic circulation are zero; that
isy, in an ocean completely at rest.

Assume in the first step an ocean at rest. This "ocean" may
cover the whole earth, and only the sun's radiation (with zero de-
clination) may warm up the equatorial regions. The depth of the
ocean may be constant (= h meters). In this case, the resulting

temperature distribution will be symmetrical in the meridiocna:

fa )
wiiQd

di-

F

rection and equal in the zonal direction, Since u=v = w = 0 by

17




assumption,

- (B L (ZP) L (=)

where T is the temperature, and A, Ay, Az are exchange coefficients
for heat conduction., With an east-we:st symmeiry, as in our model,
we need only to consider the rssulting temparature distribution

in a meridional cross section. Stationary conditions are possible

& (GE) - g g

Due to the sun's radiation there is a heat gsain at the equator
and a heat loss at the poles. Suppose that 2 meridional temperaturs
distribution 1s maintained at the sea surface, and let T(y) at the
sea surface be

T(y) = Tp + T, cos %5 Y (14)

where Tp is the temperature of the sea surface at the pole,
(y = b), T + T, the temperature at the equator (y = 0).

If, for simplicity, we assume a_ and A_ to be constant in

y
space, but Aylk Az, a solution of the differential equation

2

Ay?—zg+azﬁ—§=o (15)
9y 0z
with the boundary conditicn (14) is

= cosh a(h - 2) . ./ :
T(y,z) = Tp + T, cogh % cos 2b Y, (16)

where

g
2o /A, °

Assume that the ratio Ay/hz ~ 107, and then, with b = 90° ~ 10,000 Km,

a = 0,497 .
Further, let T, = 25°C, Tp = 0°C, and let h = 6000 m.

18
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With the assumptions made, stationary conditions of the
temperaturs distribution in an cccan at rest would bs possibls If
the temperature in different depths at different latitudes follows
equation (16). In the following table this temperature distribution

in a meridional cross ssction betwesn 90° latitude and the eguator
is compui¢d on ths assumption that Ay/'Az = 107,
Latigude

(Kn)\ "

Dspth\ 50 OO 70 60 b1y 40 30 2o i0 o
0o 0O 0.40 1.50 3.4 5.8 8.9 12,5 1é.4 20.7 25.0
1l 0 0.25 0.93 2.1 3.6 5¢5 7.7 10.2 12.8 15.5
2 0 0.15 C.5 1.27 2.2 3.3 4.7 6.1 7.7 9.2
3 0 0.09 0.35 0079 1.35 2.1 2.9 308 408 508
4 0O 0,06 0.23 0.52 90.89 1.36 1.9 2.5 3.17 3.85
] 0 0.045 0.17 0.38 0.65 1,00 1.4 1.8 2,32 2,8
6 0 0.040 0.15 0.34 0,58 0.88 1.24 1.62 2,05 2.48

This tempersture stratificaticn (figure 3a) shows rough simi-
larities with the ~bserved conditions in its very gross features.
These similarities =re the strong vertical stratification in tropical
and subtropical regions with decreasing vertical graaients towards
the bottom and the homogeneity at the poles. The distribution of
the isotherms in this model (figure 3a) may lead to the impression
that the cold water from polar regions spreads out along the ocean
bottom towards equatorial regions. Even a more realistic picture
conld easily he derived with the assumption ¢f an asymmetrical tem-
ution at Lhe surface (Northern Hemisphere warmer

than the Southern}.

VI. Notes on the influence of the wind

In the second ster, suppose that the wind blows over this ocean.

19




20° 70° 60" 30° zo° 10" 9°

N
O

Depth in(Km)

3a, Computed temnerature distribution in an ocean at rest (equilnbrium
of hea'c conduction with given sea surface conditions ijn = 100),

3b, Adjustment of mass distribution (temperature) to wind induced cir-
culation with the adcitional assumption of ge~strophic equilibrium
(schematic), The 1line +- =+ =+ indicates the layer of no motion

L2 2124

for the wind induced circulation.
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The prevailing winds are east winds between the equator and 30°,
west winds between 30° and 60°, and weaiter east winds between 60°
and the pole. The primary effect of the winds acting at the sea
surface i1s to produce drift currents with velocities which decrease
with depth and which are essentially limited to the upper 50 m or
100 m of depth (layer of frictional influence). In our mecdesl, fig-
ure 3b, which is considered tc represent the Northern Hemlsphere,
the total mass transport of water in the layer of frictionai in-
fluence (d) is directed toward the north between the equator and
30°N, and between 60°N and the pole, whereas the total mass trans-
port is directed towards the south between 60° and 30°. The con-
sequences are a divergent flow in equatorial regions and around 60°
and a convergent flow in the latitudes around 30° and near the pcls.
The divergence (or convergence) of this mass transport is propor-
tional to the curl of the wind stress, and it can easily hLie computed.
15Caliviss, wuich sirongly

depends on details of the wind field, sets up a slope of the sea

surface, in our simplified model,

equator and towards 60° and rises

which drops from 30° toward the

again from 60° toward the pole as

(&)

indicated schematically in figurs 3b. From this, hydrostatic pres-
sure gradienis result in the water, and, as an indirect consequerice

of the wind effect, gradient currents will develop in the deeper

layers (in addition to the "density gradient currents", simply called
"density currents", due to the original horizontal temperature dif-
ferences). The depth of the wind induced gradient currents depends
on the vertical stratification of the ocean water:

In what follows, we may neglect the "density currents" as they

would result from the original temperature distribution in the model.
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To examine qualitativsly the wind effect on the stratified ocean,
as shown in figure 3a, let us assume that the veloclty of the wind
induced gradient currents decreases with increasing depth. In the

steady stats the ses enrface slopes must have reached a certain

stationary inclination, and the mass distribution (temperature field)
must have changed in such a way that beneath the layer of frictional

influence from point to point the geostrophic equilibrium condition

§3-Franr 2.

is nearly fulfilled, or that, apnroximately,

3.9=§1°

z f poy

holds. Here, m is the zonal velocity of the gradlent current in

the x-direction (indicated in figure 3b by feathered arrows), p the
density (which in our modei is only a furction of the temperature

at constant pressure), and y the inclinatlon angle between the lines
of equal density and the (horizontal) level surfaces. Qualitatively,
the distribution of isotherms in the meridional cross-section under
these conditions should look ilike the dashed lines, as shown in
figure 3b.

When looking in the direction of the current between 6C°N and
30°N the isotherms must slope down from the left hand side to the
right hand side, that is, from north to south, provided the current
decreases with increasing depth, and they must slope down Ifrom the
equator towards 30°N, since the wind induced gradient current in
this region flows from east to west., This leads %o a thick warm
waler accumulation around 30°N, and to a relative cooling in corres-

ponding depths in equatorial regions. Furthermore, the vertical
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temperature gradient in certain subsurface levels between 30° aund
the equator must ipcreass, and tYensath this regicn decrease, when
compared with the original conditicne for an ocean at rest, since

the geostrophic equilibrium condition requires a tilting up of the

isotherms toward the egquator in the layer of the agquatorial (grad-
jent) current. The depth of this layer depends on the stratification,
and it is indicated by the line =+ =+ -+ in figure 3b.

VII. The hydrostatic mass compensstion

The condition of a steady state requires that for each column
of water, the divergence of the total mass transport M from Zhe sur-
face to the bottom or to the level of no motion equals zero. Let
M, be the mass transport of the drift current (in the layer of
frictional influence), and let M, be the mass transport of the
gradient current (from the surface to a deptk: where the current
vanishes); then div (M, + M,) = 0, or div ¥, = - div M, for each
column. Only the total mass transpert, integrated from the surface
to the layer of no motion, is non-divergent. Bui the layer of
frictional influence is a divergent layer, and this divergence must
be balanced by divergent gradient currents in deeper 1layers.

In the case of an ocean with constant, or almost constant
potential density from the surface to the bottom, the hydrostatic
pressure gradient, as caused by the "wind set up", should practical-
ly extend down to the bottom (as in figure 3b near 90° of latitude).
Here; a "bottom eurrert" as assumed in Ekman's "elementary current
system" would provide the necessary anisobaric mass transport in
order to baiance the anisobaric mass transport i:n the layer of

frictional influence. However, in a strongly stratified ocean, (as
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in fig. 3b between 30° and 0°), a layer of no motion may develop

(with steady state conditions) in a certain depth gboye the bottom
by "mass-compensation” of the hydrostatic pressure differences re-
sulting from sea surface slopes. In this case, the necessary balance
for the mass transport in tlie layer of frictional influence has to
be provided for completely by the wind induced gradisnt current.

If the hydrostatic equation hclds in vertical direction, the

pressure p at a depth, h, is given by

2=0
p=-g/ paz+gop G,
z=-h
where Co is the elevaticn of the ses surface above the level sur-
face z = 0, and p  1is the density cf the surface.

Assume two oceanographic stations, A4 and B, fairly close to-
gether, for which the vertical density stratification is known, and
suppose A C is the elevation of the sea surface at station B re-
lative to station A where 5, = 0. Then, the depth of the level
of no motion for the current perpendicular to the line AB, between
these stations 1s given at an average (constant) depth, z = -D, where

( =
\PZ)A (pz)B s OT

¢ 0
/ pAdz:: / PR \.z-pcAg ’
D -D
and
4
A".; = - Bl- jl (o, - pg) dz . (17)
° D

Let the coordinate system be oriented with the x-axis in the (zonal)

wind direction. Then, in the layer of frictional influence
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()-—-55 (M), =0 (18}
MWly ==7F 1/x ~ &0

according to Ekman.

The wind induced gradient current is a non-divergent current
only as a first approximation. As an effect of internal friction
there must be a slight deviatvion from the direction parallel to
the isobars. The average angle of deviation (from high to low
pressure) in the gradient layer may be denoted by a, Let u, be
the zonal component of the geostrophic current in the case of no

internal friction, then

and

Suppose that the actual total horizontal mass transport, U, in
the gradient current is deflected slightly from the direction of
Ug by the angle a, as schematicelly indicated in figure 4. The
magnitude of a was estimated as 1°-2° in higher latitudes and

59-6° in lower latitudes {Neumann, 1952).

Low

- -
Fige ke The difference vector U = U, represents approximately the aniso-
baric mass transport to balagce the mass transport M; in the layer

of frictional influence,




-
The differsnce vector U - Ug represents approximately the

aniscbaric mass transport Mé to balance the mass transport M1

sine /9

’p

in the steady state, and

(19)

rop
a4 Qv
0.:1:1
2,
N

u2 S .

With the hydrostatic equation

o)
8/ 3’5‘12’
)

0 C
°q
-/Dggdz=-g-p{j£3-5dz} dz ,

the mass transport M2 can be written, approximately,

(py = pR)
¥, = g sina}/’1}f PA pB dz] dz (20)

for two closely spaced stations, A and B, with a distance A y apart.

and

From the steady state condition, div M = 0, and from (18) and
(20) we have with the assumption that between the two closely

spaced stations the variation of Mi and Mé can be neglected !
T, = g sina -l / l- Py = pB)dz] dz. (21) <
g / J

This equation can be solved numericalily for D, the level of no
motion. The zonal wind stress, Tx’ can be determined from the
wind field, and with regard to ¢ the assumption may be made that a
in the region of the equatorial current is approximately 5°-6° and

dacreases to 1.5° in 60° latitude,




Figure 5 shows the zonal average density distribution 1in a

meridional cross section through the South Atlantic Ocean. The
zonal average of the density was computed from the data as given
by G. Wust and A. Defant (1936) in the atlas of the "Meteor" work,

From Schott's (1942) wind charts, zonal average wind velo-
cities in the South Atlantic have been derived, and the wind stress,
fx, has been computed by means of an empirical formula (Neumann,
1948). More information about the wind stress is given in sectilon
IX of this report. The zonal wind velocitiles W%, the wind stress
?x, and the estimated values for a ere given 1in Table 1.

Let us assume equally spaced "stations" with a meridional
distance of Ay = 5°, between 5.5°S and 57.5°S. From (21) with

Ay =555 kmand 0, = (p - 1) x 103, we have for an estimate

o
(o, - O )d]d. (22)
// ta tg |

0
3 X 5.65 x 107 = /( [
=D

sina
Zp

The average vertlical density distribution as shcwn in figure

5 is tabulated for the numerical integration in table 2.

Table 1
Tatitude O o 10 15 20 25
Wx(m/sec) -0.5 -3.0 -4,0 =5.,3 =3.5 0
'rx(dyne/'cmz) 0.05 0.57 0.9 1.38 0.7¢4 O
a® - 77 6.2 4.7 3.9 3.2
Lat itude 30 35 40 45 50 55 60°S
W (m/sec) 2.7 4.9 7.4 9.4 8.7 7.6 a2
rx(dyne/cmz) 0.50 1.22 2,27 3.25 2.87 2.36 .97
) 2.7 2.3 2,1 1.9 1.7 1.6 1.5

- e it e .
- e ey
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For two fictitious "stations" at 42,5°S5 and 47.5°S, respect-

ively, the following vertical disiribution of

j/ﬂ 6]

I= [/ (o -O')dz]dz
t

oLl ta B

depgh Aa't =
m) T = - -
"té' "th: 8o, .8z zB0, . Az) T TA 2 1
x 10% x 10% x 104 x10® x 10°
0 0.40 0 0

0.64 0.32 0.64

200 0.24 0.64 ] , 0.64
o -t 0. 84 1.68

400 0.16 1.04 2,32
0.33 1.205 2.410

€00 0.17 1.37 4.73
0.34 1.54 3.08

800 0.17 1.71 7.81

1000 0.16 2,04 11.56
0.375 } 2,228 5,57

1250 0.14 2,415 N 17.13
2,300 2,565 6,42

1500 0.10 2.715 23.55
0.225 2.828 7,08

1750 0.08 2.940 30.63
0.137 3.085 7.70

2000 0.03 3.077 38.33
0.100 3.127 15.64

2500 0.01 3.177 £3.97
0.025 _ 3,189 15,95

3000 0.00 3.202 69.92

T
With T = 3.25 dyne/cm?, and a = 1.9°, —Ta= * 5.65 x 107 =
53 x 108,

therefore D = 2500 m for the zonal component. This compares fairly
well with the depih of the layer of no motion as shown in f£i
Similar computzatilons for higher latitudes {55°S) lead to values

which are a little too large, whereas the depth D computed for the
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South East Trade wind region (10°S through 35°S) agree well with

Defant 's values. The computed values D are plrtted in the den-
sity section, figure 5, for comparison with the depth D in the
central parts of the South Atlantic according to figure 2.

Probably, the estimated angles a are the most inaccurate.
Hcwever, the astimate of D by equation (22) should serve only to
check the order of magnituds of the factor ; involved in this pos-
sible mechanism of "mass compensation® to determine the level of
no motion. Another fact which must be kept in mind 1s that this
calculation only considers the meridional component of the ani-
sobaric mass transport.

At this point, the dashed curve in figure 5 may at least be
mentioned briefly. It connects the maximum depth cf the lines of
equal density ( 0}), and is in some way related to ihe tilting of
the axis of the subtropical gvre. This tilting in meridional
direction toward the poles with 1lncreasing depth has already been
mentioned by A. Defant (1941), but so far no explanation has been

given for this gross feature of the oceanic circulation.

VIII. The coefficient of internal friction (r)

-
mana A 1Yy 1
HUsT Uy im -~

g
pori, and M is the vector of ths true mass transport which is de- ;

¢t

$

w
13

ct
qQ

the vector of geostrophic mass trans-

/1)
[

flected by the angle a from the direction parallel to the isobars.

The difference vector, ﬁé - ﬁ 9 is 1n some way related to the average

interrnal friction in the whole water column from z = 0 to z = <D,
Assum~ horizontal, non-accelerated mection under the influence

of internal friction. Then

l - - -3 -3
- » grad p+ M xf +R %0, (23)
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Figure 6. Force diagram of a non-accelerated gradient
current with friction,

where'ﬁ 1s the vector of the internal frictional force. For a

geostrephic current without friction,

-
£
4

-%gradi)"#_ﬁgx =0 (24)

On substituting (24) into (23), we have
- : - — .
(Mg-ibxf=R. (25)
Thus, the vector of internal friction is perpendicular to the
-—)
difference vector-:';[g - M, and only in exceptional cases is B equal
to zero.
_’
Suppose a is known, then 8 and IR' = R can be computed, 1In
equation (8), for the components of the effective internal friction,

we used for a first approvimation Guldberz-Mohi's exprsssion

Rx = - rU
R =-r «
v v
- -
by assuming R = - rM. As in figure 6, let G be the vector of the
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averagze pressure gradient force and C the vector of the Coriolis

ferce. Then from figure 6,

Pl N
N
~r

G sina = rM cosp é

G cosa = 2w sing M + rM sing , (

N
s

2
since the components of the forces in the direction of M and per-
pendicular to it must balance. _lzctﬁg - il is proportiornal to the
average "dragging force", according to Sprung.

From (26) and (27)

P 2w sin

etne = —3 zosp ¥ tanB (28)
2 IQ £~

tanf = ctna - —Séiéfhay (29)

In the case where B - 0

2w si
r & * (30)
So far, no direct computations of r have been made in dynamic

ctna =

oceanography, and 1t seems that the only estimates of a are those
uced in this report (Nanmann, 1952),

Whether (3C) can be used instead of (28) to calculate r fron
¢, depends on the order of magnitude of B. IHowever, data which are

accurate enough to compute B are not avallable.

The mass transport of the Antarctic Circum Polar Current between

65°S and 45°S, is given by
M s 1014 {gr sec'l] 5
approximately, according to Sverdrup et al (1946). (This value may

-----

G can be estimated fairly well from the "Meteor" data published by
G. Wust (1939). Using "Meteor" Stations Mt 130, 124, 60, and 10,

the following pressure values, p, in decibar are obtained, relative

to the sea surface where p = O:
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. in decibars

it A
M 3300es o2 3% wk 48.505 ¢ = 41,208
Depth (m) % C $3ep H= ilew = 1699 = 17.1°N
0 0 0 0 0
50 51.368 51.361 51.358 1.336
106G 102.772 102.740 102.730 102.682
150 154,192 154,137 154,114 154,043
200 205.626 205.552 205,513 205,425
300 308.529 308.428 308.355 308,237
400 411,481 411,361 411,252 411,110
600 617.534 617,388 617.209 617.021
800 823.783 823,616 823.377 823,137
1000 1030.228 1030.039 1029.758 1029.461
12¢0 1236.869 1236.660 1236.243 1236,000
1400 1443,703 1443,477 1443.127 1442,745
1650 1650,728 1650.489 1€50.109 1649.895
2000 2065.352 2065.092 2064,659 (2064,191)
2500 2584,70 2584.41 2583.93 -
3000 3105.24 3104.92 3104.39 -

From these data G ~ 1.4 x 10~% ayne/cm3. With M = 10%* gr
sec™l, D = 3000 m and a total width of 2.22 x 103 Km, it follows
per unit area of the cross section that

1014 gr sec~l
= 12 2
2,22 x 3.0 x 10"~ em”

1

M(gr sec™"cem <] =

= 1.5 ,

and, with a ~ 1.7°, according to Table 1, for ¢ = 55°,
tanf = 34 - 43 .

This result can only serve to check the order of magnitude of

a, G, and M, since tanp 1s given as a small difference between

two larger quantities which are known only approximately. There-

fore, B can not be determined from these data. However, since the

deviaticn of the true mass transport from the direction of the
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geostrophic mass transpurt is very smsll; the aesumption may be
Justified that p ~ O for the purpose of estimating r. Then, from
(30) and table 1 for ¢ = 55°

r~ E%E%%EQ = 3.34 x 10“6 [sec™l] .

In the lower layers of the atmosphere, r 1s on the average
approximately 100 times larger. H.U. Sverdrup and J, Holtsmark
(1917) derived for 10 North American stations average values from
50-100 individnal observations. They found r between 7 x 10~ and
2,7 x 1074 sec'l, and B between -12° and +48°,

The height of the anemometer above 1 g
fluence. Both r and § decrease with height, as shown by Sverdrup

and Holtsmark:

height (meters) 25 25-49 50
r x 10% 2.20 1.99 1.56 sec™t
P 25° 20~ i7®

With increasing height, g and r decrease in the lowsr layer cf
the atmosphere, but it seems that no fairly well established in-
formation about these friction coefficients is avallabls for ths
higher troposphere, which is comparable with the layer of wind
driven ocean c¢irculation beneath the laysr of frictional infliuencs.
It may well be, that in the higher troposphere 38— 0, magn. a = 2°,
and magn. r & 1077 - 107€,

According to equation (30) cina should vary approximately

@ is given in table 1 by previous results, r in differernt lsti-

tudes is shown in the following table:
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Latitude 10° 20° 30° 40° 50¢ 69°

a 6.2 3.9 2.7 2.1 1.7 1.5
r x 10° 2.75 3,24  3.43 3.44 3.30 3.30
With the estimated angles a, r is almost constant. This mnay
indicate that in the average for the whole layer of the gradient
current, frictional conditions are rather uniform in the different
branches of the circulation system, although under special con-
ditions significant local variations of the effective frictional
forces may occur. For the numerical integration of the differential
sguaticen (11), however, 2n averags value
r® 3.3x10
will be used.

IX. The wind stress at the sea surface

Estimates of the total wind stress at the sea surface rest
largely on ohsarwvations of the vertical distrihution of mean wind
near the sea surface. Such wind profile measurements in the lowest
layers over the sea surface have been compared with the velociiv
distribution in circular pipes, so that the interfacial streses could
be deducsd from the measured wall stress in pipes. This method
simply applies the results of experimental, aerodynamical studies,
and is, therefore, based on the assumption that such a comparison
is justified.

Regardless of the quesiion as to how far the analogy between
the wall stress in pipes and the wind stress at the frece sea surface
goes, there are still other objections against the method used .

especially with regard to the method cf observing the average verti-

cal wind profile with cup anemometers at fixed "heichits®" above the
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undisturbed sea ievel (or above the highest wave crests).

Most of the obserwations seem to indicate that with an zadia-
batic lapse rate in the lower layers above the sea surface the
observed wind profile can be approximated fairly well by a loga-
rithnic law within a csrtain height interval. However, in the lowest
layers, some 50 or 100 cm above the crests of the sea surface rough-
ness alements (waves), the logarithmic curve gradually steepens
more and more when approachling the "sea surface". Thls feature is
characteristic for the cbserved wind nrofiles over the rough sesa
surface, and a careful analysis of the observations shows that the
logarithmic law for the wind profile just above the waves is a
rather questionable approximation.

The vélue and accuracy of wind profile measuremsnts with cup
anemometers for evaluating the wind stress at the sea surface have
been discussed in soms detail by the author (1949, 1951). There
are mainly two facts which make this method unfit for stress com-
putations:

First of all, the questions remains open &s to what level has
to be chosen as the "height of the sea surface", or, in other words,
what is the "seca surfaca" in the case of an air-sea interface with
traveling waves? Any attemnrt to derive a vertical wind profile
from observed wind speeds at fixed heights above the crests, re-
quires a clarification of this question.

Secondly, wind measurement:z with cup anemometers at fixed
heights above the wave crests are unfit to derive irue average wind
speeds over the rough sea surface. The wincd at a fixed height over
the trough of a ''wave® may have only 40% - 50% or less of its speed

over the crest. With sieep waves, even a "lee-eddy" may develop




somewbsss naar the trough, and the wind direction may be reversed.

Since wind profilc measurements near the surface have been taken
only at wind speeds of, approximately, less than 10 m/sec, the
rather short period wave motion passing by underneath the cup ane-
momsters "speeds up™ the anemometers every time a crest passes.

The inertia of the ciemometers dces not zllow slowing down over

the troughs, and therefore, almost maximum wind speeds are observed
instead of average values. When used for stress computations, too
small values of the stress are obviéusly derived by this procedure.
The "critical wind speed" at 7 m/sec as disenssed by W. Munk (1947)
cen bse explained as a result of vhe inaccuracy of the data obtained
by wind profils measurements (Neumann, 1951).

Another more direct method of deriving the wind stress at the
sea surface 1s based on observatiocns of the steady state sea sur-
face slope in which the water is pilled up due to wind ("wind set
up"). This method is the oldest, and it was first used by W. Ekman
in 1905. Since that time much more data on the 'wind set up" in
different seas and lakes have accumulated, and with these data, the
method was reexamined and critically applied by the author in 1948,

The stress, T , may be expressed in terms of a resistance co-
efficient, Y2, which i3 defined by

=p' ¥ W, (31)
where p' is the density of the air, and W is the mean wind speed at
a given distance above the sea surface. In practice, this digtsnce
is given by the "anemometer hsight", about 10 m. The question 1s
whether 72 is a constant, or whether it depends on the wind speed
itself. In the case of a flow over a solid surface with well de-

fined and constant roughness coniitions, such as grass land or snow,
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Y2 may be a constant for different wind speeds. However, in the

case of the sea surface, the "roughness™ is given by the composite
wave motion. Since the wave motion is a function of the wind speed,
W, (and of the state of wave development), Y2 will probably also be
a function of the wind speed. (In the case of stable stratified
air, vy also depends on the stability of the alr stratifiecation.)

The results obtained by the author in 1948 indicate that under
normal conditions (with an adiabatic lapse rate in the lowest layers)

72 varies inversely proportional to the square root of W, and

--2 -0 N 1/'\"3 1 [Cm/SGC]\ J./Z Isz\
Y FeU X ULt w L m/sec]/ \ 3<)

for winds from 1 to 40 m/sec. Thus, the wind stress at the seg

1T ST

surface (for a fully arisen sea) can be represented by
T=p' x 0.009 x W3/2 [dyne/ém2] , (33)
where W 1s to be inserted in centimeters per second.

A Coumparisuvn of (32) witn tne corresponding reslstance co-
efficients obtained from wind profile measurements was mzde in
1551, aud Luw resuils are reproduced in figure 7, where mors recent
cup anemometer measurements by U, Roll (1948) show again the char-
acteristic discrepancy between the 72 values as derived from "slope"
observations and from wind orofile observations. By disregarding
the results based on "slope" observations at wind speeds of less
than 10 m/sec, and replacing them by the results of the inadequate

cup anemometer measurements, a "jump" of Y2 from low to high values

appearz erroneonsly at 10 m/sec wind velccit

g

A critical review of the accuracy and a summary of the results

obtained by different methods, including wind slope observations

W

in wind tunnels has been recently made by R, B. Montgomery (1952).
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measurements,

as part of this project.

wind set up

observeions <

o Gulf of Bothnia
* Baitic Seq

® Lake of Ganevo
& Loke Erie

o Loke Okeechobee

o Baltic Sea( J.Hela)
x North Sea(Schalxwijk)

o Roll (wind profiic measurements)

2 _ o

Hesistance coefficiant (Y€ = —

P

as a fur.ction of wind velocity (h m/sec), according to
slope~observaiions {(wind set ur) and wind profile
(After G, Neumam, 1951).

He finally comes to the rather disappointing concl
no wind speed is the stress (or the resistance ¢
confidently to within half its value.

At present; a new, direct approach for measuring the inter-
facial stress at the sea surface is being undertaken

It is hoped to derive the surface stres

40
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from direct measurements of the eddy stress, -p[w'u'], at a short

distance from the interface; and from wind profile measurements
at constant heights above the true wavy sea surface with a special
type of practically inertialess anemometers.

For a gurantitative study of the wind driven oceanic circulation,
the exact knowledge of T (or 72} is very important. ince the
average climatological wind data used in such a study are less than
10 w/sac in most areas over the oceans, the most contraversial re-
giorn with W € 10 m/sec comes into consideration in a critical way.
W, Yunk {(1950) in his study of the wind driven oceanic circulation
came to the conclusion that the stress values as derived from wind
profile measurements are wmuch too small to supply the necessary
driving force of the wind at low wind speeds. The author agrees
completely with W, Munk's statement that the transports of the
large oceanic currents are probably as good an indicator of the

overall stress sxerted by the winds né ocean as any of the

o
measurements on which the wvalue of 72 is aow based. Similar con-

clusions have been drawn with regard to the wave generating forces
by wind (Neumann, 1950).

Racently; in a careful analysis of storm tide dsta on Like

[¢

Erie, G. H. Keulegan (1992) also derived wind stresses {or iarger
wind speeds which are in substantial agreement with the values sug-
gested by the author (1948). |
There is, at presant, no evidence which really shows dis-
agreement with the use of the empirical stress formula as proposed
by equation (31) with the variable resistance coefficient of (32),

-

Therefore; afier a critical reexamination of the papers on this
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subject since 1948, this formula has been applied for computing
the wind stress in table 1 of this report, and it is also being
used for a numerical analysis of wind driven circulation in the

North Atlantic Ocean.

X. Conclusions, and some remerks on the model of the wind driven

ocean circulation

a) The differential equation (11l) for the horizontal mass
transport of the wind driven oceanic¢ circulation seems to promise
a more realistic approcach to a quantitative aneclysis of the hori-
zcntal mass transport in the upper layers of the sea. It comes
a little closer to Ekman's original formulatior of the problenm,
since the "topographlc curl effect" was shown to be of significant
importance throughout all of his papers.

By writing equatlon (9) in terms of the vertically integrated

mass transport, M, with the components, U and V, it follows that

Lo YdL _1/ABAD _AFamy 3o
curi, M= 3y "r\dx Iy "9y Ix/ - Fewrl,T » 133

where dp/dx and 9p/Jdy agein represent average values of the hori-
zontal pressure gradients in the whole layer between z = =D and
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On substituting (34) into {33) we have

\ Dd_ 3
curl M = ¥ 35 . 5_ (3§ %% - %5 gg)
5 (ab g
BEF-EH e
and with M = - % .
» 9% aD
- w1, R=vEE - can,T - o (R0 - SR ED)

Only, if D = constant

Y S
+eurl, R= -V o+ curl T , {(36)

and the equation expresses a balance between the curl of internal
stresses (friction), and the planetary vorticity and the curl of
the wind stress. The differential equation was used in this form
in the preceding papers on the wind driven circulation.

L) Tue Iast berm ou the right hand sids of
preted as the z-component of a vector product of two vectors,
grad D = a and gradc =—{z . Ifr & is the angle between the

- -
vectors & and b 4 then

Qgs QQ - Qg- QQ = ab sinéd = 0

ox 0 9y 90X
would mean that Z i g , and the lines of equal dynamic height of
the sea surface (relative to a level surface) are parallel to the
lines of equal depth D.
Similarly, the term

would express the rsjuirement that the lines of equal D and the

isopycnals p are varallel, Approximately 35 years ago, Bj. Helland-
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Hansenn and W. Ekman (1923) noticed that over large areas in the
Norwegian Sea the large scale spatial distribution of temperature

and salinity (density), followed closely the contour lines of the
bottem topography. Furthermore, when studying large scale conditions
in the oceans, they found a remarkable parallel between the iso-
therms and isochalines and the contour lines of ths isobaric surfacss.
This important lawx became known as the "law of the parallel sole-
nolids."” Although this law seems very well verified in the gross
features of the large scale conditions; there are slight dsvlaticns

which: are nevertheless very important.

~t & o
zise levwe

l\l‘:

M

ing aiong the Americen rast Coast shows that the
mean ses levsel increases towards the north from Florida to Nova
Scotia (G. Dietrich, 1937). The magnitude of this slope is 1077,

and thus 1t 1s of the same order as the sea surface slopes derived

fo

from data in the Caribbean Sea (H.U. Sverdrup, et al., 1946). In

the Caribbean Sea, as in many other parts of the ocesan, tha =lops

e —-—— g~

oi the se¢a surface is practically compensated for by the distri-
bution of mass., However, this is not the case in the region of

the Gulf Stream along the east coast of North America. G. Distric?
(1937) has shown that along the continental slope the distribution

o W
vvvvvv @ MV

indicate any rise of the sea surface, and this
is true also in the case where the sea surface topography is re-
ferred to the 2020 duar-surface insfiead of che oxygei: minirmm layer,
which was used by Dietrich (H.U. Sverdrup et ai., 1948),

With the assumption that within the layer of the wind induced

gradient current curl, R = curl 1', then from (35)

- 125 AD 45 apy = C D S D‘
E-o(BR-ER) -G R-58B -,
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The x,y-coordinate system can bz oriented in such a way that

[

the y axis points in & direction 7) of the flow of the Gulf Stream
along the east coast of the United States. Then, the f -axis,
perpendicular to 7 4, points toward the southeast, arproximately.
Ir this case, it is found from figure 1, that 604§ = -2.5 x 1073
between Cape Hatteras and Nova Scotia. With the assumption that

dD/Q7 = 0, or at least 9D/97M < 9D/ , it follows from (37) that

= N
‘.'8-§cos45°+g(Dg—%-+§g-%)%)—=0- (38)

This egquation relates the (average) density distribution and the
slope of the ssa surface in the direction ~f the flow with the slope
of the layer of no motion perpendicular to the flow and the verti-
cally integrated mass transport of the Gulf Stream while moving
noriheasiward,

Suppose that there is no compensation of ég /dT) by the density
distribution p{7 ), and, thersfors, in the direction of flow dp/d7
s 0., Then o§ /3T must be positive, since V(df/dy) is & positive
quantity, and 9D/ < 0. The order of magnitude of ol /M can

be estimated with the assumnticns mads before, and

r e nan
S . Yoy “eos 450 = v L aens cos 437°
Uj Ep * 2.5 10 ~ gpo2.5o103

between Cape Hatteras and Nova Scotia where ¢ = 39°, and R = 6370 km
is the radius of the earth. According to H.U, Sverdrup ot =21.{1i545)
the total mass transport of the Gulf Stream towards the NE equals

55 Mill. m> per sec. With a total width of the curreni of, approxi-
motely, 250 km,




=1 )

Vs 2,2x 10 {gr ecm™" sec™ "1,

and from (39)
ol fom = 1.15 x 1077 .

This compares well with the observed magnitude of the slope
between Cape Hatteras and Nova Scotia (Sverdrup et al., 1946). If

this slope did not exist, and the assumptions on which (38) s bezed

hold, p would have to increase toward the NE in the axis of *the flow,

If the term V(3f/dy) wecald be disregarded, it is seen from
(38) that an upward slope in the direction of flow must be compen-
sated for by a decrease of the average density cf the Gulf Stream
water off the continental shelf.

It should be kept in mind that equation (38) holds only in the
case of vanishing by small friction. It certainly does not ayply
to the surface layers of frictlonal influence, and, if present,
to s bottom layer of fricticnal influence (Ekman's bottom current).
Similarly, the law of the parallel solenoids does noi appiy wo
layers where frictional influences dominate.

¢) With a discussion of equation (11) for the horizontal mass

transport; the case of a simple zonal model may be considered,

-5%

and any effects of umeridional houndaries are disregarded. Further,

where (see section 1IV)

suppose that T, = T,(y), T, =0, dD/x = 0, V = 0. With these

assumptions, equation {11) reduces to
0T

2! 1 T
oyj SRR -1(GE- ),

or
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By integration, it follows that

T
U:%%:-;x’r(:’n, (40)

where C is a constant, which becomes zero if U = 0 for T_ = C.
This result shows that the zonal mass transport, U, is proportional
to the zomai component of the wind stress, Tyt This is different
from Munk's general result where in a confined ocean of constant
depth it was found that the horizental mass transport of permanent
ocean currents depsnds only on the rotational component of the wind
stress field over the ocean. Of course, in an ocean bounded by con-
tinents, the assumptions vwhich led tc (40) zre in general not jfusti-
fied any longer. Even in the case where Ty iray be assumed to be
zero, dD/dx 1s not necessarily zero, and V # 0, at least for some
distance along the boundaries. The whole system of horizontal mass
transport will be modified by tThe boundary condltlons, but pesiades
a dependence of the mass transport on the curl of T , there will
alsc be a dependence on T .

Equation (40), however, will hold approximately, in the central
parts of the oceans, far away Irom the boundaries. Probably, it
can best be applied to the Antaretic Circum Polar Current, just where
W. Munk and E, Palmén (1951) found discrepanciss with the resuits
of Munk'’s theory.

arctic Circum Polar Current between 65°S and 45°3,

a able 1, T, = 2.0 dyne/émz, and T % 3,34 x 1078 sec™t
(sce page 30). Thus according to (40)

U =6 x 107 gr et zec™l

-
’
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and the average total mass transport through a section between

65° and 45°S is, therefore,

8

6 x 10° x 2.22 x 10° = 1,33 x 10%* [gr sec™1]

7
which agrees well with the obssrved mass transport. According to
A.J. Clowes' (1933) computations the mass transport through the

Drake Passage is about 1.1 x 104 gr sec™1

, and it is very probtable
that the transport in the central parts of ine South Atlantic Ocean

is approximately 20% greater.

XX, Outline of future work

Equation (11) is being used for determining the horizontal
mass transport of the wind driven circulation in the Nerth Atlantie
Ocean between the equator and ahout 55°N, The easi und west bound-'
aries of the oncean are the continents. They are approximated as
closely as possible by broken sitraight lines foilowing the conti-
nenial shelf along the 200 m iscbath.

The boundary condition along the continental slopes, which may
b identified with the ccntinents theamselves, requires that ths

nass transpert be parallel to the boundary curves. Since an additive

m

constant with the stream function V¥ maie

5

=

o0 difference, the boundary
condition is given by W = 0 along the continents.

However, since this model is not completely enclosed by land,
more complicated conditions have to be introduced along the northern
and southern boundaries, and between the Antilles Arc and Florida.
The Guiana Current along the northeast ccocast of Scuth America i{rans-~
perts an appreciable amount of water across the equator which enters
the model ocean 1In the southwest corner, This fact cannct be dis-

ragarded. It has to be taken into account as a "scurce™ by the

AR
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boundary conditions along the squator. Aacther '"source", which

is probably very important; is the fiow of water through the Straeits
of Florida,

Along the northern boundary a "source"” has to be considered
no;theast of the Grand Banks due to the inflow of the Labrador Cur-
rent. An lmpcrcant "sink" between Great Britain and Iceland 1is
given by the transport of the North Atlantic Current which accounts
for a net balance of the watsr in ths region covered by the model,
The total net intake of water between the equator and the northern
boundary, that is, the sum of the "sources" and "sinks"., must be
Zero.

For a numerical intsgration of the differential equation (11)
ths surface of the ocean is thought to be covered by a series of
lattice points as glven by the intersections of a set of rectangular
lires in the north-south and the east-west direction. The lattice
of this net consists of '"interior" roints and "boundary-points".
Interior vpolnts are called such points which are surrounded by ad-
Jacent points belonging tc the latiice of the covered ncean area.

An intericr peint, thsrefors, is always surrounded by four adjacent
points, whereas a '"boundary point" has less than four adjacent points.
The unit mesh width of the lattice was chosen as d = 222 kmj how-
ever, in the western North Atlantic it may be necessary to use a
smaller unit {(55.% km) in order to get some of the details of the
Gulf Stream flow pattern. This section will be considered by a
special evaluation cf the basie differential equation.

The differential equation (11) for the horizontal mass trans-

port can be written in the form

49
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ryY 241 + Flx,y) g-xy— + G(x,y) %;L - H(x,y) = 0,

where the coefficients F, G and H have been plotted as functions of

x and y on charts. The wind stress was computed for the month of
February by means of formula (33), using the wind charts put out
by the Marine Branch of the Meteorological Office, Air Ministry,
London (1948).

If the subscripts j,k indicate an inlterior point, and the ad-
jacent points of the lattice are denoted by subscripts (J,k-1),
(j,k+1), (j-1,k), (j+1l,k), respectively, the difference equation for

the horizontal mass transport becomes

+ -
(Va2 * Vg * Wiste * Wisage - 4V
r | 42 rT

1T - ‘#’ - = -
‘4’1,1:“26_ 1) 4 | ‘l’;1+1,k2 ‘PLl,k) ) e

FJvk (

d “iyk
Sucn a difference equaiion can be established for each interlor
roint. There are as many equations as interior polnts, and since
the number of interior points equals the number of unknowns, with
the boundary conditions, 43 1s uniquely determined in the interior
of the area, provided that the dsterminaut of the system of equaticns
1s mnequal to zero.

Basic data for the determinatlion of the coefficiants F, G and
H as functions of x and y, and the results of the numsrical inte-

gration will be puklished in ths nsxt report.
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